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Abstract. We study the influence of disorder and lattice pinning on the dynamics of a charged stripe.
Starting from a phenomenological model of a discrete quantum string, we determine the phase diagram
for this system. Three regimes are identified, the free phase, the flat phase pinned by the lattice, and
the disorder pinned phase. In the absence of disorder, the system can be mapped onto a 1D array of
Josephson junctions (JJ). The results are compared with measurements on nickelates and cuprates and a
good qualitative agreement is found between our results and the experimental data.
1. INTRODUCTION
During the last years, there has been a great deal of interest concerning the existence and dynamics
of the striped phase in nickelate and cuprate materials. Theoretical [1], as well as experimental [2,3]
investigations have revealed the presence of charge and spin order.
In the present paper, we study within a phenomenological model the transversal dynamics of a
stripe pinned by an underlying periodic lattice and by a random pinning potential provided by im-
purities. A phase diagram is determined as a function of the hopping parameter t, the stripe stiffness
J and the doping concentration ν. At large values of t/J and ν, the stripe is free and the system can
be described by a quantum membrane. At low doping ν, the role played by the impurities is always
relevant and the stripe is in a disorder pinned phase. When the effect of disordered impurities is
negligible and t/J ≪ 1, the stripe is pinned by the underlying lattice. In this case, by performing
a dual transformation in the initial phenomenological Hamiltonian, we can map the problem onto a
1D array of JJ and show that the quantum depinning occurs at (t/J)c = 2/pi
2. Finally, we discuss
our results and compare them to recent experimental measurements on nickelates and cuprates.
2. THE MODEL
Let us consider a single vertical stripe with one hole/site on a 2D lattice in a disorder potential.
The holes are allowed to hop only in the transversal direction. The phenomenological Hamiltonian
describing this system is
Hˆ =
∑
n
[
−2t cos
(
pˆna
h¯
)
+
J
2a2
(uˆn+1 − uˆn)
2 + Vn(uˆn)
]
. (1)
Here, t is the hopping parameter, a is the lattice constant, uˆn is the displacement of the n-th hole from
the equilibrium (vertical) configuration, pˆn is its conjugate transversal momentum, J is the stripe
stiffness, and Vn(uˆn) is an uncorrelated disorder potential, < Vn(u)Vn′(u
′) >D= Dδ(u − u
′)δn,n′,
where < ... >D denotes the Gaussian average over the disorder ensemble and D is the inverse of the
impurity scattering time.
A dimensional estimate can provide us with the main features of the phase diagram for this
system. Let us start with the case of no impurity potential Vn(uˆn) = 0. At large values of the
hopping constant t ≫ J , we can expand the cos-term, −2t cos(pˆna/h¯) ∼ const. + t(pˆna/h¯)
2. The
dynamics is then governed by the competition between the kinetic term t(kna)
2 that tries to free
the holes, and the elastic one, (J/2a2)(uˆn+1 − uˆn)
2, that tends to keep the holes together. When
the confinement is given by the lattice pinning potential, a typical displacement uˆn+1 − uˆn ∼ a and
the wave vector kn ∼ 1/a. Hence, a transition from the flat phase, with the stripe pinned by the
underlying lattice, to a free phase should occur at t/J ∼ 1.
Indeed, by performing a dual transformation in the Hamiltonian (1) to new variables referring to
segments of the string, i.e., to a pair of neighbour holes
uˆn − uˆn−1 = pˆin, pˆn = ϕˆn+1 − ϕˆn. (2)
and taking the limit of a large system, we obtain [4]
Hˆ = −2t
∑
n
cos
[
(ϕn+1 − ϕn)a
h¯
]
−
J
2a2
∑
n
(∂/∂ϕn)
2, (3)
which is the Hamiltonian describing a Josephson junction chain (JJC). The solution of this problem
at T = 0 was found by Bradley and Doniach [5]. Depending on the ratio t/J , the chain is either
insulating (small t/J) or superconducting (large t/J). At the critical value (t/J)c = 2/pi
2, the JJC
undergoes a Kosterlitz-Thouless like superconductor/insulator transition. This transition is known
to represent the unbinding of vortex/antivortex pairs in the equivalent XY model.
For the case of the stripe, this corresponds to a depinning transition from the flat to the free
phase, as we discussed above. The excitations of the stripe are kinks (K) and antikinks (AK) and
the transition in this case corresponds to the unbinding of K/AK pairs. By exploiting the relation
of the stripe Hamiltonian to the sine-Gordon theory, we calculated the infrared excitation spectrum
of the quantum string and showed that the insulating gap ∆ ∼ J present at t = 0 vanishes at
(t/J)c = 2/pi
2 [4]. Hence, at large values of t/J there is a proliferation of kinks and antikinks and
the striped structure disappears.
Let us now consider the other limit of strong pinning by impurities. In this case, the potential
provided by the lattice is irrelevant and the typical displacement is of the order of the separation
between stripes 1/kn ∼ uˆn+1 − uˆn ∼ L, see Fig. 1. By comparing now the kinetic t(a/L)
2 and the
elastic J(L/a)2 terms, we observe that a transition should occur at t/J ∼ (L/a)4.
Indeed, by deriving the renormalization group (RG) differential equations to lowest nonvanishing
order in the lattice and disorder parameters, one finds a set of flow equations [6], indicating that the
transition from the disorder pinned to the free phase occurs at (t/J)c = (18/pi
2)(L/a)4. The phase
diagram of the striped phase is shown in Fig. 2, with ν = a/L.
Figure 1: Striped phase. Figure 2: Phase diagram.
3. DISCUSSIONS
Next, we discuss the different phases displayed in Fig. 2 in the light of experimental results obtained
for the cuprates and nickelates. If neither disorder nor lattice potential are relevant, the stripe is in
the freely fluctuating Gaussian phase and the dynamics can be described by a quantum membrane.
This is the case for doped La2CuO4, that seems to be insensitive to disorder. The incommensurate
(IC) spin fluctuations in La2−xSrxCuO4 [7] near optimal doping are strinkingly similar to those
found in La2CuO4+δ [8], although the oxygen doping produces annealed and the Sr doping produces
quenched disorder. However, although weak disorder is unimportant near optimal doping, we expect
from Fig. 2 a critical doping xc ∝ νc below which disorder becomes relevant. Hence, for ν < νc
the stripes will be pinned, implying a broadening of the IC spin fluctuations. Eventually, the IC
peaks will overlap to produce a single broad peak centered at the commensurate antiferromagnetic
position. This effect is actually observed in the spin glass phase (x < 0.05) in neutron scattering
experiments [9], indicating the pinning of the stripes by disorder. For disorder pinned stripes, a
depinning transition under strong magnetic fields has been predicted [10]. For a doping x ∼ 10−2 we
estimate E ∼ 104 V/cm.
Concerning the pinning provided by the underlying lattice, the very weak Bragg peaks that are
observable in La2−xSrxCuO4 only at x = 1/8 [11] indicate that the striped phase is nearly always
in a floating phase IC with the lattice. However, by doping this material with Nd, one produces a
tilt in the oxygen octahedra in the CuO planes, increasing hence the pinning by the lattice. Indeed,
La1.6−xNd0.4SrxCuO4 shows strong lattice commensurability effects. The static stripe order is most
pronounced at the commensurate x ≈ 1/8 [2], but has also been observed at other compositions
[3]. In sum, the Nd doping pushes the roughening transition to higher values of t/J and drives the
cuprate materials into the flat phase.
Let us now consider the nickelates. Weak disorder is clearly relevant in these materials, since the
width of the IC peaks is always much narrower in the oxygen doped samples [12-14] than in the Sr
doped ones [15-17]. In addition, both, Sr and oxygen doped nickelates show strong commensuration
effects [12,17], indicating that the striped phase couples strongly to the lattice. Therefore, we conclude
that for the nickelates both, pinning by the lattice and by impurities are relevant.
In conclusion, we studied the competition between disorder and lattice effects on the transverse
stripe fluctuations for nickelates and cuprates and identified the different phases in a t/J versus ν
phase diagram.
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